The two-prism surveying probe reaches points on which it is impossible to preserve the verticality of a prism pole or the line of sight between the total station and this prism. Developed at the Centre for Research in Geomatics at Laval University, the probe consists of two miniprisms located along a surveying pole. The two prisms and the probe tip being collinear, three-dimensional coordinates of the point in physical contact with the probe tip can be obtained by taking measurements on each prism and by knowing the distance between these two prisms and the distance between one of these prisms and the probe tip. Moreover, constraints on the distance between the two prisms and on the zenith angle of the probe can be included into the mathematical model. Field tests presented in this paper show that the surveying probe positioning can achieve an accuracy of 0.7 cm ͑root sum square value͒ for the three components of the surveyed points.
Introduction
In surveying, a total station with a prism pole is the instrument most frequently used to carry out ground surveys. This device allows for three-dimensional ͑3D͒ positioning by measuring the horizontal and vertical angles as well as the distance between the total station and a prism that must be held vertically above the point to be located. A line of sight between the total station and the prism pole is also required. A two-prism surveying probe has been developed at the Center for Research in Geomatics at Laval University to reach points on which it is impossible to preserve the vertically of the prism pole or the line of sight between the total station and this prism.
The probe can be used in an inclined position, which increases the possibilities of the total station measurements. Situations in which one could take advantage of the surveying probe include, but are not limited to, surveys of building corners, lamp posts, electricity and telephone poles, bench marks embedded in walls, and buried gas and water pipes.
The objective of this research was to evaluate the performance of the two-prism surveying probe for points that could not be conducted with a conventional vertical prism pole. This paper describes the methodology developed to locate a point with the surveying probe, the field tests performed, and the results obtained.
Description of Two-Prism Surveying Probe
The prototype of the surveying probe shown in Fig. 1 consists of two miniprisms ͑2.5 cm in diameter͒, separated by about 1.11 m on an aluminum pole. The probe is 2.61 m long ͑3.50 m long with its extension͒ and weighs approximately 10 kg. The two prisms and the probe tip being collinear, three-dimensional coordinates of the point in physical contact with the probe tip can be obtained by taking measurements on each prism and by knowing the distance between these two prisms and the distance between one of these prisms and the probe tip.
The surveying probe must be kept immobile between total station measurements on each prism to avoid introducing errors into the survey. One or two struts are used to increase the stability of the surveying probe. It is also necessary to orient each prism toward the total station. To do this, a lever allows one to turn the prism furthest from the probe tip so that only one person is needed to readily operate the probe.
The two-prism surveying probe and its measurement process have been patented in the United States and a Canadian patent is pending ͓Boulianne and Santerre, ''Surveying probe and method for computing the spatial coordinates of a point. '' U.S. Patent No. 6, 008, 757 and Canadian Patent Pending No. CA 2, 250, 597 ͑1998͔͒. An alternative probe using two geodetic L1 carrier phase global positioning system ͑GPS͒ antennas and receivers has been also developed. Results of the use of the GPS surveying probe are presented in Bourgon et al. ͑2002͒.
Positioning of Two-Prism Surveying Probe
To use the surveying probe, the probe tip is placed in physical contact with the ͑unknown͒ point to be located and the probe is inclined as needed to facilitate a line of sight between each prism and the total station. The total station must be located on a geodetic ͑3D͒ point and the height of the total station above this geodetic point must be measured. Second, the 3D coordinates of each of the two prisms with respect to the total station are determined by measuring the respective distances and angles. Finally, the vector calculated between the two prisms is projected by using the known distance between the two prisms and the dis- tance between one of the two prisms and the probe tip to determine the probe tip coordinates with respect to the total station. These local coordinates of the probe tip can be transformed into a common coordinate system using the same approach as used for any conventional survey with a total station.
When the total station is placed on a geodetic point, a backsight is taken to another geodetic point to initialize the horizontal circle. To evaluate the positioning accuracy of the surveying probe during field tests as presented in the next section, the probe tip was also placed on a known geodetic point. This second geodetic point was also used to define a local reference frame ͑Fig. 2͒ where the longitudinal axis ͑L͒ is the horizontal line of sight between the total station and the target point, the transversal axis ͑T͒ is toward the right, perpendicular to the longitudinal axis ͑also in the horizontal plan͒, and the vertical axis ͑U͒ is perpendicular to the two horizontal axes.
Positioning of Two Prisms
The total station measurements on each prism ͑distances D, azimuths Az, and zenith angles Z͒ are used to compute the 3D coor- dinates of each prism in the local reference frame and provide the following set of observation equations:
( 1) where Az 1 ,Z 1 ,D 1 , and Az 2 ,Z 2 ,D 2 ϭtotal station measurements on each of the two prisms;
ϭcoordinates of the two prisms to be estimated by the least squares adjustment in the local reference frame. In addition to the total station measurements, two constraints can be introduced into a least squares adjustment to improve the determination of the coordinates of the two prisms. These constraints are the known distance between the two prisms and the zenith angle of the surveying probe ͑Fig. 1͒. For an adjustment with constraints, a number of equations based on the number of constraints, called constraint equations, are added to the set of observation equations ͑Mikhail 1976͒.
The first constraint is the fixed distance between the two prisms D 12 . This distance of 1.109 m was measured at the Laboratory of Metrology and Geodesy at Laval University with a standard deviation of 1 mm. The spatial distance equation between the two prisms in the local reference frame is used to form the first constraint equation
The second constraint is the zenith angle Z 12 of the surveying probe measured by an inclinometer located on the side of the probe. A swivel allows one to keep the inclinometer in the plane formed by the probe and the vertical. The inclinometer measurement has a standard deviation of 0.2°, which corresponds to a linear error of 4 mm in the vector between the two prisms. As shown later in the section on field test results, this is a better resolution than one obtains in practice with the total station measurements. The zenith angle of the probe, expressed as a function of the six coordinates of the two prisms, defines the second constraint equation
The two constraint equations are defined as
and the linearized form of Eq. ͑4͒ is obtained by applying the series expansion
where C contains the partial derivatives of constraint equations with respect to the unknown parameters ͑coordinates of the two prisms͒, X denotes the correction terms for the unknown parameters and W c is the misclosure vector between the known constraint values and the values computed from the approximations of the unknown parameters. These constraint equations added to the set of observation equations gives
where V ϭvector of the observation residuals, A contains the partial derivatives of observation equations with respect to the unknown parameters, and Wϭmisclosure vector between the total station measurements and the values computed from the approximations of the unknown parameters.
The solution is obtained by elimination of constraints from which the vector of correction terms for the unknown parameters X is partitioned into two subvectors
The first subvector (X ␣ ) includes a number of parameters equal to the number of constraints and the second subvector (X ␤ ) contains the remainder parameters. Considering the two subvectors, Eq. ͑6͒ becomes
Using Eq. ͑8b͒, the subvector X ␣ can be evaluated in terms of X ␤
The partitioning operation must provide C ␣ nonsingular. Then Eq. ͑8a͒ becomes
and can be rewritten as
where
The solution for the subvector X ␤ obtained by least squares adjustment is
Once X ␤ is computed, X ␣ can be solved for using Eq. ͑9͒.
Positioning of Probe Tip
Once the coordinates of the two prisms are estimated, the coordinates of the point in physical contact with the probe tip can be determined by knowing the distance between these two prisms D 12 and the distance between Prism 2 and the probe tip ͑t͒ ͑Fig. 1͒. This latter distance is named D 2t . The set of equations that provide the 3D coordinates of the point reached by the tip of the surveying probe, with respect to the total station, are
Analysis of Field Tests Results
In this research, four sessions have been performed to test the efficiency of the surveying probe in any and all orientations. The tests were performed using a total station with accuracies of 1.6 arcsec for ͑horizontal and vertical͒ angle measurements and 3 mmϩ2 ppm for distance measurements. Table 1 summarizes the setup of the four sessions of tests and Fig. 2 presents the different orientations ͑azimuths and zenith angles͒ of the surveying probe during these tests. The concentric circles represent the zenith angles up to 120°. In Fig. 2 , ϫ and ϩ respectively symbolize that one or two struts are installed to hold the probe during the test.
To evaluate the effect of constraints on the surveying probe positioning, four adjustments have been processed for each test, i.e., an adjustment without constraints, with a constraint on the distance between the two prisms ͓D 12 constraint, Eq. ͑2͔͒, with a constraint on the zenith angle of the surveying probe ͓Z 12 constraint, Eq. ͑3͔͒, and finally, an adjustment with constraints on the distance between the two prisms and on the zenith angle of the surveying probe (D 12 ϩZ 12 constraints͒.
Session 1
A first session was performed in order to verify the reliability of the surveying probe construction. It took place on two geodetic points located inside the Laboratory of Metrology and Geodesy of Laval University. The distance between these two points was about 30 m. The baseline reference values ͑true values͒ were established by conventional measurements ͑calibrated total station͒ for the horizontal components and by leveling for the vertical component of the baseline. The accuracy of the three components in these controlled conditions is 1 mm. This accuracy is better than those obtained with conventional prism pole measurement, which is about 5 to 10 mm. Therefore, the coordinate differences between the surveying probe results and the values of the known baseline mainly represent the errors of the surveying probe positioning. Fig. 3 shows the errors of the surveying probe posi- tioning expressed in longitudinal, transversal, and vertical components for the four adjustment approaches. The mean of the errors in absolute value ͑Mean͒, the root mean square ͑RMS͒ value ͑i.e., the dispersion from the mean of the calculated components͒, and the root sum square ͑RSS͒ value ͑i.e., the dispersion from the true components͒ for a 68% probability level ͑1͒, and the maximum of these errors in absolute value ͑Max͒ are also presented in Fig. 3 . For the adjustment without constraints, the vertical component presents the largest errors with an RSS value of 1.6 cm with 0.8 and 0.6 cm respectively for the longitudinal and transversal components. The errors in the vertical component are minimal when the zenith angle of the surveying probe is close to 0°and are maximal ͑2.3 cm͒ when the zenith angle is close to 90°͑Fig. 2͒. When the probe is very inclined, it becomes slightly curved because of its weight. With the two prisms and the probe tip no longer being collinear, errors are introduced in the determination of the probe tip coordinates. The stiffness of the probe was improved for the following sessions. The probe bending not only has an effect on the vertical component but also on the horizontal components, as a function of the azimuth of the surveying probe. The errors in the longitudinal component are higher when the probe orientation comes near the line of sight ͑Tests 2-6͒ with a maximal value of 1.6 cm and the errors in the transversal component are higher when the probe is nearly perpendicular to the line of sight ͑Tests 7-14͒ with a maximal value of 1.1 cm.
In Fig. 3 , the D 12 constraint used alone does not make much of a difference. However, when it is used with the Z 12 constraint it improves the RSS value in the transversal component, improving it from 0.6 to 0.3 cm. The Z 12 constraint used alone or with the D 12 constraint improves the vertical component, with the RSS value decreasing from 1.6 to 0.5 cm. The longitudinal component also improves, with the RSS value decreasing from 0.8 to 0.4 cm. The adjustment with D 12 ϩZ 12 constraints provides excellent results with RSS values equal or less than 0.5 cm for the three components. Note that the vertical component becomes as good as the horizontal components.
As can be seen in Fig. 3 , the most significant results come from the adjustment without constraints and the adjustment with D 12 ϩZ 12 constraints. Only these adjustments will be presented for the following tests.
Session 2
A second session was performed in order to validate the surveying probe positioning on a longer baseline. The longest baseline available inside the Laboratory of Metrology and Geodesy measures 42 m. It was established in the same way and with the same accuracy of 1 mm as the 30 m baseline described in the first session. Fig. 4 shows the errors of the surveying probe positioning for this session and for the adjustments without constraints and with D 12 ϩZ 12 constraints.
Again, for the adjustment without constraints, the RSS value of 1.1 cm in the vertical component is larger than the RSS values in the horizontal components, i.e., 0.5 cm for the longitudinal component and 0.4 cm for the transversal component. However, these results are better than those of Session 1. In order to increase the stiffness of the probe in this session, the struts were installed between the two prisms ͑Fig. 1͒. In Session 1, they had been placed between the probe tip and the closest prism ͑Prism 1͒. This location of the struts seems to improve the rigidity of the probe as well. This configuration was kept for the next sessions.
For the adjustment with constraints, the errors in the three components have the same magnitude with an RSS value of 0.3 cm for the longitudinal component and 0.4 cm for the transversal and the vertical components. These results are very similar to those of Session 1. This shows that there is no loss of precision due to the distance increase of 12 m between the surveying probe and the total station.
Session 3
For Sessions 1 and 2, the probe had a length of 2.61 m. The probe also has an extension of 0.89 m in length, which can be fixed between the probe tip and the closest prism ͑Prism 1͒. In this configuration, the probe measures 3.50 m and is able to reach more points that are difficult to access. A third session was conducted to evaluate the performance of the surveying probe with its extension. The tests were performed on the 30 m baseline inside the Laboratory of Metrology and Geodesy. Fig. 5 shows the errors of the surveying probe positioning with its extension for the adjustments without constraints and with the D 12 ϩZ 12 constraints.
The results of the adjustment without constraints are comparable to those of Session 1 with RSS values of 0.9, 0.8, and 1.5 cm, respectively, for longitudinal, transversal, and vertical components. As in Sessions 1 and 2, the adjustment with constraints improves the longitudinal, transversal, and vertical components; the RSS values decrease from 0.9 to 0.7 cm, from 0.8 to 0.4 cm, and from 1.5 to 0.4 cm, respectively. There is a noticeable improvement in the error of the longitudinal component for the whole of the tests except for tests 9, 10, and 11 where the error reaches a maximum value of 1.7 cm. This error appears when the Z 12 constraint is introduced into the adjustment. This could be explained by the inaccuracy of the Z 12 value ͑4 mm͒. Let us note that the accuracy of the D 12 value is 1 mm and that the Z 12 constraint error increases when the surveying probe is longer. However, for these tests, the error of the Z 12 constraint did not affect the transversal and the vertical components.
Session 4
The first three sessions were conducted inside the Laboratory of Metrology and Geodesy without the effects of meteorological conditions. Consequently, a fourth and last session was performed outside. The total station and the surveying probe were located on two geodetic points on Laval University's campus. This baseline is 50 m long. This distance represents the maximum baseline length typically encountered for surveying operations in urban area. The coordinates of these geodetic points ͑true values͒ were established by precise geodetic GPS measurements for the horizontal components and by leveling for the vertical component.
The baseline components accuracy is estimated at 2 mm. For this session, the surveying probe was used without its extension for a 2.61 m probe length. Fig. 6 shows the errors of surveying probe positioning, expressed in longitudinal, transversal, and vertical components for the adjustments without constraints and with the D 12 ϩZ 12 constraints.
The results of this last session are very similar to those of Session 2, with RSS values for the adjustment without constraints of 0.6, 0.5, and 1.1 cm, respectively, for the longitudinal, transversal, and vertical components. Because of the quality of the adjustment without constraints, the improvement of the adjustment with constraints is less spectacular. However, in spite of the meteorological condition effects ͑e.g., wind͒, RSS values of 0.7 cm for longitudinal and vertical components and 0.3 cm for the transversal component were obtained for the adjustment with constraints. Those values are quite comparable with those of the three previous sessions, which had been conducted indoors.
In this session, Tests 3, 5, 9, and 12 were performed with only one strut installed on the surveying probe ͑Fig. 1͒, which reduces its weight and increases its handiness. Test 8 of Session 2 and Test 13 of Session 3 also only had one strut. For all of these tests, there was no augmentation in the errors of the probe positioning that could be related to the use of only one strut.
Conclusions
In this research, tests were conducted to evaluate the performance of a two-prism surveying probe designed to carry out surveys that are difficult to realize with conventional surveying methods. Baselines from 30 to 50 m were tested. These lengths are typically encountered for surveying operations in urban areas. For the adjustment without constraints, surveying probe positioning provides RSS error, for a 68% probability level ͑1͒ of 0.9 cm for the horizontal components and 1.6 cm for the vertical component. To improve the surveying probe positioning, it is possible to add a constraint on the distance between the two prisms and a constraint on the zenith angle of the probe in the least squares adjustment. By using these two constraints, the RSS value of the surveying probe positioning decreases to 0.7 cm for the three components.
Acknowledgments
This research was financially supported by the Fonds pour la formation de chercheurs et l'aide à la recherche du Québec (FCAR) and the Natural Sciences and Engineering Research Council of Canada ͑NSERC͒ grants to the second and third writers. The writers also want to thank Sebastien Dubé and Mathieu Lambert for their participation during the field tests and JeanArthur Fradette and Jean-Claude Brière, technicians at the Laboratory of Metrology and Geodesy of Laval University, for the construction of the surveying probe and their assistance with the field tests.
Notation
The following symbols are used in this paper: A ϭ matrix of partial derivatives of observation equations with respect to unknown parameters; Az ϭ azimuth; C ϭ matrix of partial derivatives of constraint equations with respect to unknown parameters; D ϭ distance; L ϭ longitudinal component; T ϭ transversal component; U ϭ vertical ͑up͒ component; V ϭ vector of observation residuals; W ϭ misclosure vector; X ϭ vector ͑of correction terms͒ for unknown parameters; Z ϭ zenith angle; ϩ ϭ one strut; ϫ ϭ two struts; ϭ corrections for unknown parameters;
C ϭ estimated parameters; and ϭ modified matrix or vector. Subscript c ϭ constraint; t ϭ probe tip; ␣ ϭ first subvector of the unknown parameters; ␤ ϭ second subvector of the unknown parameters; 1 ϭ prism close to tip; and 2 ϭ prism far from tip.
